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Abstract

In this work\ the e}ect of constraint on hole growth near a notch tip in a ductile material under mode I
and mixed mode loading "involving modes I and II# is investigated[ To this end\ a 1!D plane strain\ modi_ed
boundary layer formulation is employed in which the mixed mode elastic KÐT _eld is prescribed as remote
boundary conditions[ A _nite element procedure that accounts for _nite deformations and rotations is used
along with an appropriate version of J1 ~ow theory of plasticity with small elastic strains[ Several analyses
are carried out corresponding to di}erent values of T!stress and remote elastic mode!mixity[ The interaction
between the notch and hole is studied by examining the distribution of hydrostatic stress and equivalent
plastic strain in the ligament between the notch tip and the hole\ as well as the growth of the hole[ The
implications of the above results on ductile fracture initiation due to micro!void coalescence are discussed[
Þ 0887 Elsevier Science Ltd[ All rights reserved[

0[ Introduction

Ductile fracture in metallic alloys begins with the nucleation of cavities from brittle cracking or
decohesion of inclusions[ These cavities grow in size due to plastic deformation in the surrounding
material[ The growth of the cavities is strongly in~uenced by high triaxial tension[ Several studies
"see\ for example\ Aravas and McMeeking\ 0874a\ b ^ Ghosal and Narasimhan\ 0885# have been
undertaken to model the void growth process with the view of understanding the micro!mechanics
of ductile fracture[ Aravas and McMeeking "0874a\ b# have used a _nite element model of a notch
with a circular hole placed ahead of it\ in order to investigate the growth of the hole caused by its
interaction with the notch tip under mode I loading[ Using a similar approach\ Ghosal and
Narasimhan "0885# have examined several issues concerned with the mixed mode fracture of

� Corresponding author[ Fax ] 80792230572 ^ e!mail ] narasiÝmecheng[iisc[ernet[in



Y[ Arun Roy\ R[ Narasimhan:International Journal of Solids and Structures 25 "0888# 0316Ð03360317

ductile materials[ In their work\ the background material response was represented by the Gurson
constitutive equation "Gurson\ 0866#\ and the failure of the ligament connecting the notch tip and
the hole by either micro!void coalescence or shear localization was modelled[ Thus\ the competition
between the above two failure mechanisms in promoting mixed mode ductile fracture was simulated
and the variation of the critical value of the J!integral at fracture initiation with mode mixity was
predicted[ The e}ect of initiation of a discrete void by inclusion debonding on mixed mode ductile
fracture was examined by Ghosal and Narasimhan "0886#[ In all the above studies\ attention was
restricted to plane strain\ small scale yielding conditions[

Recent research work "see\ for example\ Betegon and Hancock\ 0880 ^ O|Dowd and Shih\ 0880#
on plane strain\ elasticÐplastic fracture mechanics has brought out the limitations of a single
parameter characterization "using J# of the crack tip _elds in several mode I geometries "like\ the
centre cracked panel\ single edge notch "tension#\ etc[#[ It was found that in these geometries\
the J!controlled HRR _elds do not dominate over length scales comparable to the material
microstructure due to loss of crack tip constraint "or triaxiality#[ Betegon and Hancock "0880#
have suggested that the near!tip stress and strain variations be characterized by J "or K# and T\
where T is the second term in William|s "0846# asymptotic expansion[ They found J!dominance is
maintained for zero or positive T!stress\ while negative T!stress causes a loss of J!dominance which
also re~ects in loss of constraint or triaxiality near the crack tip[ O|Dowd and Shih "0880\ 0881#
have proposed an alternate approach to quantify crack tip constraint[ They suggested that J and
a hydrostatic stress parameter\ Q\ be employed to describe the crack tip _elds which was found to
be adequate for a range of geometries and loading[ Under conditions of small to intermediate scale
yielding\ the above two approaches are equivalent because a one to one relationship exists "O|Dowd
and Shih\ 0880\ 0881# between T and Q[ Further\ Xia and Shih "0884a\ b# and Tvergaard and
Hutchinson "0883# have observed that crack tip constraint "or crack geometry# can signi_cantly
a}ect the crack growth resistance curves[

In a recent work\ O|Dowd "0884# employed a fracture criterion based on the attainment of a
critical crack tip opening displacement and predicted that the value of the fracture toughness for
ductile tearing is lower if the T!stress "or Q!stress# is negative[ However\ the model employed by
O|Dowd "0884# is too simplistic\ because the process of ductile failure is triggered by plastic ~ow
localization in the ligaments connecting the notch tip with nearby voids "Van Stone et al[\ 0874\
Garrison and Moody\ 0876#[ The growth of such voids is expected to be in~uenced by both plastic
strain and triaxial stress prevailing near the notch tip[ Hence\ it is imperative that predictions of
ductile fracture initiation be based on a study of the interaction between a notch tip and adjacent
voids "as in Rice and Johnson\ 0869 ^ Aravas and McMeeking\ 0874a\ b ^ Ghosal and Narasimhan\
0885#[

In a very recent work\ Arun Roy and Narasimhan "0886# have used a modi_ed boundary layer
formulation to investigate the e}ect of T!stress on J!dominance in mixed mode elasticÐplastic
fracture mechanics[ They found that\ for a given remote elastic mode mixity C � tan−0"KI:KII#\
the imposition of a non!zero T!stress changes the near!tip plastic mode mixity "which essentially
represents the ratio of the normal to shear traction on the plane ahead of the tip# from its value
corresponding to pure small scale yielding "T � 9 ^ see Shih\ 0863#[ This alters the stress triaxiality
near the crack tip[ However\ it was found that except for loadings close to mode I\ there is no loss
of J!dominance if the stress _elds are compared with the asymptotic mixed mode solution of Shih
"0863# corresponding to the actual plastic mode mixity prevailing near the crack tip[ Nevertheless\
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the modi_cation in near!tip plastic mode mixity due to imposition of the remote T!stress can a}ect
the ductile fracture process near the crack tip[ Very little research has been devoted so far to
investigate the e}ect of crack tip constraint on ductile fracture initiation under mixed mode loading[

The present work is aimed at studying the e}ect of crack tip constraint on hole growth near a
notch tip under mode I and mixed mode loading conditions[ To this end\ large deformation elasticÐ
plastic _nite element analyses are performed using a 1!D plane strain\ modi_ed boundary layer
formulation[ Here\ the mixed mode elastic KÐT _eld is prescribed as remote boundary conditions[
The analyses are conducted for di}erent values of T!stress and remote elastic mixities[ The
interaction between the notch and a nearby hole is studied by examining the distribution of
hydrostatic stress and equivalent plastic strain in the ligament connecting them\ as well as\ the
growth of the hole[ The implications of these results on the e}ect of T!stress on the ductile fracture
toughness are discussed[

1[ Numerical procedure

In this work\ an Updated Lagrangian _nite element procedure "McMeeking and Rice\ 0864# is
employed[ In this procedure\ the reference con_guration is taken to coincide instantaneously with
the current con_guration\ so that the Kirchho} stress tij and Cauchy stress sij are the same\ whereas
their rates are di}erent[ The _nite element equations for rate equilibrium are derived from the
following virtual work principle "see McMeeking and Rice\ 0864# ]

Dt gVt

ðt�ij−"tikDkj¦Diktkj#ŁdDij dV¦Dt gVt

tijvk\jdvk\i dV � Dt gVt

b¾ jdvj dV

¦Dt gST

Tþjdvj dA¦$gVt

bjdvj dV¦gST

Tjdvj dA−gVt

sijdDij dV%[ "0#

In this equation\ all integrations are performed over the volume Vt and boundary segment ST in
the equilibrium con_guration at time t\ and vk\i � 1vk:1xi is the spatial gradient of particle velocity
vector[ Also dvi is a virtual velocity _eld which is imposed on the current equilibrium con_guration
and dDij � 0:1"dvi\j¦dvj\i# denotes the associated virtual rate of deformation tensor[ Further\ t�ij is
the Jauman rate of Kirchho} stress and b¾j\ Tþj represent nominal body force and surface traction
rates based on the current volume and surface area[ It should be noted that eqn "0# applies strictly
in a rate sense and\ thus\ the time step size Dt is viewed here to be very small[ The term in square
bracket on the right hand side of eqn "0# is an equilibrium correction term that vanishes when the
known state at time t is an exact equilibrium state[

In this work\ rate independent elasticÐplastic constitutive equations which satisfy incremental
objectivity are considered and are assumed to have the following structure ]

t�ij � MijklDkl\ "1#

where\ Mijkl is the elasticÐplastic constitutive tensor[ The constitutive tensor Mijkl for material
obeying a _nite strain version of the J1 ~ow theory of plasticity "with small elastic strains# along
with isotropic strain hardening is given by McMeeking and Rice "0864#[ The true stress vs true
strain response under uniaxial tension is assumed to be of power law type in the form ]
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where\ s9 is the initial yield stress and o9 � s9:E is the initial yield strain[ The value of o9 and strain
hardening exponent n are taken here as 9[991 and 09\ respectively[

The B!bar method "Hughes\ 0879# is employed here within the context of four!noded plane
strain quadrilateral elements\ since the deformation becomes nearly incompressible\ which cannot
be adequately modelled by the conventional displacement formulation[ Further\ the Hughes and
Winget "0879# algorithm is used in this work to treat _nite rotation e}ects\ so that incremental
objectivity is maintained during constitutive update[

2[ Computational model

A large circular domain containing a notch along one of its radii\ which is entirely represented
by 1!D plane strain\ four!noded\ isoparametric quadrilateral elements is considered[ The radius of
the outermost boundary of this circular domain\ r9\ is about 094b9\ where b9 is the initial diameter
of the notch[ In the undeformed con_guration\ the centre of curvature of the notch coincides with
the centre of the circular domain[ A set of Cartesian coordinates "X0\ X1# and polar coordinates
"r\ u# are established with the origin at the centre of curvature O of the notch in the undeformed
con_guration as indicated in Fig[ 0[

A typical mesh used to model the region near the notch tip is shown in Fig[ 0[ In this mesh\ a
circular "cylindrical# hole of diameter a9 � b9 has been placed at a distance L � 4b9 directly ahead
of the notch tip "i[e[\ at u � 9>#[ The size of the smallest elements near the notch tip and the hole
in this mesh is about 9[91L[ Further\ it must be noted that elements having an almost regular
shape have been employed in the ligament between the notch tip and the hole[ A convergence
study was performed by re_ning the elements near the notch tip and the hole and varying the
number of elements in the ligament connecting them[ From this study\ it was found that converged
results are obtained from the mesh depicted in Fig[ 0[ In addition to the case shown in Fig[ 0\
analyses have also been conducted using a _nite element model with a hole placed at an angle of
u � −29> and at the same distance L from the notch tip[

The displacement components based on the _rst two terms of the mixed mode elastic crack tip
_eld which are given by\

u0 � 0
r9

1p1
0:1 "0¦n#

E 6KI cos
u

1 0k−0¦1 sin1 u

11
¦KII sin

u

1 0k¦0¦1 cos1 u

117¦
"0−n1#

E
Tr9 cos u\ "3#
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Fig[ 0[ Finite element mesh used near the notch tip and the hole in the computations[

u1 � 0
r9

1p1
0:1 "0¦n#

E 6KI sin
u

1 0k¦0−1 cos1 u

11
−KII cos

u

1 0k−0−1 sin1 u

117−
n"0¦n#

E
Tr9 sin u\ "4#

are prescribed on the outer boundary of the domain[ In the above equation\ KI and KII are the
mode I and II stress intensity factors\ respectively[ Further\ E and n "which is taken as 9[2# are the
Young|s modulus and the Poisson|s ratio\ and k � 2−3n for plane strain[ The loading is applied
in steps by gradually increasing the e}ective stress intensity factor =K= � z"K1

I ¦K1
II#\ while

keeping T:s9\ as well as the remote elastic mode mixity\ C � tan−0"KI:KII# _xed throughout a
particular analysis[ As in the work of Tvergaard and Hutchinson "0883#\ the value of T:s9 is _rst
increased to the desired level and then held _xed in the remaining part of the analysis during which
the e}ective stress intensity factor =K= is increased[ From numerical experimentation\ it was found
that this technique produces results which are similar to a method in which a constant biaxiality
parameter T:=K= is employed during the loading[

The accuracy of computations is continuously monitored by checking the magnitude of the out!
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of!balance forces which signify the deviation from equilibrium ðsee terms within square bracket in
the right hand side of eqn "0#Ł\ and very small increments in =K= are used whenever this deviation
is found to be large[ Analyses are conducted with di}erent ratios T:s9 � −9[64\ 9\ and ¦9[64
corresponding to several values of C[ The maximum extent of the plastic zone surrounding the
notch tip is at all times contained well within the radius of the circular domain "less than 0:49#\ so
that small scale yielding conditions are preserved[ This was con_rmed by continuously checking
the value of the J!integral computed on contours remote from the crack tip with the far!_eld
applied value which is given by "0−n1# =K=1:E[ Static condensation is employed to reduce the
degrees of freedom corresponding to the nodes lying in the far!_eld elastic region[

3[ Results and discussion

3[0[ Deformed shapes of notch and hole

In Figs 1"a# and "b#\ the deformed shapes of the notch and hole at di}erent stages of loading
for the mixed mode case\ C � 34> are shown corresponding to T:s9 � ¦9[64 and −9[64\ respec!
tively[ In these and the following _gures\ the loading is indicated by the normalized parameter
J:"s9L#\ where J is the J!integral which is obtained from the remote imposed stress intensity factors
KI and KII as J �"0−n1#"K1

I ¦K1
II#:E[ It can be seen from Fig[ 1"a# that\ for the case of positive T!

stress\ there is a mild sharpening of the top surface of the notch\ while the remaining part blunts
signi_cantly and advances towards the hole[ By contrast\ it can be observed from Fig[ 1"b# that\
there is considerable sharpening of the top surface of the notch when the T!stress is negative[ On
examining the hole shape in Fig[ 1"a# " for the case T:s9 � ¦9[64#\ it can be noticed that\ it remains
rounded and is gradually pulled away from the notch as J:"s9L# increases[ For the case of negative
T!stress "Fig[ 1"b##\ the hole elongates along an inclined axis and is pulled towards the blunted
part of the notch[

3[1[ Distribution of hydrostatic stress and plastic strain in the li`ament

The variations of normalized hydrostatic stress\ sh:s9 � skk:2s9\ along the ligament connecting
the notch tip and hole are shown in Figs 2"a# and "b# for the mode I case corresponding to T:s9 � 9
and −9[64\ respectively[ Results are presented in these _gures pertaining to di}erent load levels
J:"s9L#[ In these and the following _gures\ the distance x is measured along the ligament from the
centre of curvature of the notch in the undeformed con_guration[ The extent of the ligament goes
from x:L � 9[0Ð9[8 and the curves displayed in these _gures cover the range of x:L from 9[098Ð
9[780[ This a}ords resolution of the strain _elds very close to the notch tip and the hole as will be
seen subsequently[

It can be seen from Fig[ 2"a# that for T:s9 � 9\ a large peak hydrostatic stress "around 1[4s9# is
attained in the middle of the ligament even when the load J:"s9L# � 9[93[ The peak value saturates
at around 2s9 with further increase in load[ The distribution of hydrostatic stress in the ligament
for positive T!stress "like T:s9 � ¦9[64#\ is very similar to Fig[ 2"a#[ On examining Fig[ 2"b#\ it
can be seen that\ for the case of T:s9 � −9[64\ the peak hydrostatic stress at J:"s9L# � 9[93 occurs
just ahead of the notch tip and is around 0[7s9\ whereas\ the predominant portion of the ligament
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Fig[ 1[ Deformed shapes of the notch and the hole at di}erent load levels for "a# C � 34>\ T:s9 � ¦9[64 and "b#
C � 34>\ T:s9 � −9[64[

experiences much lower hydrostatic stress "less than 0[4s9#[ The magnitude of sh in the central
portion of the ligament elevates with increase in J:"s9L# and attains a peak value of around 1[4s9

at J:"s9L# � 9[18[ Thus\ there is a reduction of hydrostatic stress level in the ligament when the T!
stress is negative\ which corroborates with the negative Q!stress predicted by O|Dowd and Shih
"0881#[

The distribution of equivalent plastic strain o¹p � Ð z"1
2
Dp

ijD
p
ij# dt in the ligament for the mode I

analysis at di}erent load levels are displayed in Figs 3"a# and "b# for T:s9 � 9 and −9[64\
respectively[ Again\ the results for positive T!stress are very close to T:s9 � 9 and are not presented
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Fig[ 2[ Distribution of normalized hydrostatic stress "sh:s9# along the ligament connecting the notch tip and the hole at
di}erent load levels for "a# C � 89>\ T:s9 � 9 and "b# C � 89>\ T:s9 � −9[64[

here[ It should be _rst observed from Figs 3"a# and "b# that\ with increase in J:"s9L#\ the plastic
strain near the notch tip as well as near the hole elevates dramatically[ The magnitude of o¹p at the
notch tip for the case of negative T!stress "Fig[ 3"b## is marginally higher than that for T:s9 � 9
"Fig[ 3"a## at a given J:"s9L#[ This is attributed to the larger blunting of the notch when the T!
stress is negative as will be seen later[ However\ while the plastic strain in the central portion of
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Fig[ 3[ Distribution of equivalent plastic strain o¹p along the ligament connecting the notch tip and the hole at di}erent
load levels for "a# C � 89>\ T:s9 � 9 and "b# C � 89>\ T:s9 � −9[64[

the ligament also elevates substantially for T:s9 � 9 "as well as for positive T!stress# with increase
in load level\ it is found from Fig[ 3"b# that\ o¹p increases very slowly in the predominant part of
the ligament for the case of negative T!stress[ In other words\ plastic strain localization in the
ligament due to the interaction between the notch and hole for mode I occurs more slowly when
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Fig[ 4[ Distribution of normalized hydrostatic stress "sh:s9# along the ligament connecting the notch tip and the hole at
di}erent load levels for "a# C � 34>\ T:s9 � ¦9[64 and "b# C � 34>\ T:s9 � −9[64[

the T!stress is negative[ This has important implications on the growth of the hole "as will be seen
later# and on the failure of the ligament due to micro!void coalescence[

The variations of normalized hydrostatic stress in the ligament for the mixed mode case C � 34>
are shown in Figs 4"a# and "b# corresponding to T:s9 � ¦9[64 and −9[64\ respectively[ It can be
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noticed from Fig[ 4"a# that for T:s9 � ¦9[64\ the distribution of sh:s9 in the ligament is similar to
the mode I case "see Figs 2#\ although the peak value attained is much less and is around 0[7s9[
This gives rise to a more or less rounded shape for the hole as discussed in connection with Fig[
1"a# for C � 34> and T:s9 � ¦9[64\ which resembles the results for the mode I case "see\ for
example\ Ghosal and Narasimhan\ 0885#[ On the other hand\ it can be noticed from Fig[ 4"b# that\
the variation of sh:s9 in the ligament for C � 34> decreases radially away from the notch tip when
T:s9 is negative[ Further\ the maximum value of sh:s9 in the ligament is quite low for this case[

Interestingly\ unlike mode I\ the results corresponding to negative T!stress for the mixed mode
case C � 34> are closer to those for T:s9 � 9[ As mentioned earlier\ a recent investigation "Arun
Roy and Narasimhan\ 0886# has shown that\ the near!tip plastic mode mixity changes as a function
of T!stress for a given C[ Thus\ the change in the peak hydrostatic stress in the ligament with T!
stress for mixed mode loading is not because of loss of J!dominance as observed by O|Dowd and
Shih "0880# for mode I\ but is due to the above noted alteration in near!tip mode mixity[

In Figs 5"aÐc#\ the distribution of plastic strain in the ligament at di}erent load levels are shown
for the case C � 34> corresponding to T:s9 � ¦9[64\ 9 and −9[64\ respectively[ On comparing
Figs 5"a# and "b#\ it can be seen that\ the accumulation of plastic strain in the ligament "with
respect to J:"s9L## is much slower when the T!stress is positive[ On the other hand\ it can be
noticed from Figs 5"b# and "c# that\ an imposition of negative T!stress only marginally elevates
the plastic strain distribution at a given J:"s9L#[ This implies that the localization of plastic strain
in the ligament for the mixed mode case C � 34> is retarded if a positive T!stress is imposed[ This
may be traced to the change in near!tip mode mixity towards mode I when the T!stress is positive
"see Arun Roy and Narasimhan\ 0886#\ which impedes development of intense shear deformation
in the ligament[

On comparing Figs 3 and 5\ it can be observed that the plastic strain develops faster in the
ligament under mixed mode loading than mode I[ This e}ect is not so pronounced when a positive
T!stress is imposed\ but it is quite signi_cant when the T!stress is zero or negative[ The above faster
localization of plastic strains for mixed mode loading with a high mode II component is attributed
to the intense shear deformation in the ligament[

The variations of normalized hydrostatic stress in the ligament at di}erent load levels are shown
in Fig[ 6 for the mixed mode case C � 29> corresponding to T:s9 � 9[ It is clear from this _gure
that sh:s9 is very low for C � 29> "with a peak value of around 0[1 at J"s9L# � 9[18# as compared
to mode I "Figs 2# and C � 34> "Figs 4#[ Further\ the hydrostatic stress variation in the ligament
for C � 29> changes only marginally when a positive or negative T!stress is imposed[

The distributions of equivalent plastic strain in the ligament for C � 29> are presented in Fig[
7"a# and "b#\ corresponding to T:s9 � ¦9[64 and −9[64\ respectively[ It can be seen from these
_gures that\ as in the case of C � 34>\ the plastic strain variation in the ligament at a given J:"s9L#
is higher when the T!stress is negative[ However\ unlike C � 34>\ the above e}ect is much less
pronounced for C � 29>[ Thus\ at the same J:"s9L# values\ o¹p for T:s9 � −9[64 "Fig[ 7"b## is only
around 19) higher than that for T:s9 � ¦9[64 "Fig[ 7"a##[ Hence\ it may be concluded that under
mixed mode loading with a very high mode II component\ the hydrostatic stress is low and the
development of plastic strain in the ligament is rapid\ irrespective of the magnitude and sign of the
T!stress[

On comparing Figs 3"a# and "b# with Figs "5aÐc# and 7"a# and "b#\ it can be noticed that\ with
mode I predominant loading\ there is a tendency for the plastic strain to increase sharply as the
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Fig[ 5[ Distribution of equivalent plastic strain o¹p along the ligament connecting the notch tip and the hole at di}erent
load levels for "a# C � 34>\ T:s9 � ¦9[64 and "b# C � 34>\ T:s9 � 9 and "c# C � 34>\ T:s9 � −9[64[
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Fig[ 5[ Continued[

Fig[ 6[ Distribution of normalized hydrostatic stress "sh:s9# along the ligament connecting the notch tip and the hole at
di}erent load levels for C � 29> and T:s9 � 9[
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Fig[ 7[ Distribution of equivalent plastic strain o¹p along the ligament connecting the notch tip and the hole at di}erent
load levels for "a# C � 29>\ T:s9 � ¦9[64 and "b# C � 29>\ T:s9 � −9[64[



Y[ Arun Roy\ R[ Narasimhan:International Journal of Solids and Structures 25 "0888# 0316Ð0336 0330

notch tip is approached[ By contrast\ for mode II predominant loading "see Figs 7"a# and "b##\ the
plastic strain appears to be uniformly high over the entire ligament[

3[2[ Notch openin` and hole `rowth

The notch diameter b\ normalized by the initial value b9\ is plotted as a function of the load
parameter J:"s9L# for the mode I case in Fig[ 8a[ Here\ the notch diameter b represents the distance
between two points which in the undeformed con_guration are located above and below its centre
of curvature "marked as P9 and Q9 in Fig[ 0#[ The variations of the normalized maximum hole
diameter\ amax:a9 "where\ a9 is the initial diameter#\ with respect to J:"s9L# are shown in Fig[ 8b[
Results are presented in these _gures corresponding to T:s9 � ¦9[64\ 9\ and −9[64[ It can be seen
from Fig[ 8a that the normalized notch diameter at a given J:"s9L# is almost the same for positive
and zero T!stress\ while it is slightly higher for negative T!stress[ This agrees with the marginally
higher plastic strain just ahead of the notch tip when the T!stress is negative "see Figs 3"a# and
"b##[ The higher notch opening at a given J:"s9L# for the case of negative T!stress under mode I
loading has also been reported by O|Dowd and Shih "0881#\ and O|Dowd "0884#[ O|Dowd "0884#
has employed this result along with a fracture criterion based on the attainment of a critical crack
tip opening displacement and has predicted that the value of J at fracture initiation "due to ductile
failure# is lower if the T!stress "or Q!stress# is negative[

On the contrary\ it can be seen from Fig[ 8b that the normalized maximum diameter of the hole\
amax:a9\ corresponding to T:s9 � −9[64 grows much more slowly with respect to J:"s9L# as
compared to T:s9 � 9[ The hole growth rate for the case T:s9 � ¦9[64 is marginally higher than
T:s9 � 9[ The above observation can be rationalized by recalling that there is lower hydrostatic
stress and slower plastic strain development in the ligament for the mode I case if the T!stress is
negative[

The trends noted above are expected to re~ect on porosity accumulation and consequent failure
of the ligament by micro!void coalescence[ Thus\ the value of J at fracture initiation due to micro!
void coalescence under mode I loading is expected to increase if the T!stress is negative[ On the
other hand\ positive T!stress can slightly decrease the mode I fracture toughness due to failure by
ductile void coalescence[ It must be mentioned here that while the predictions of O|Dowd "0884#
are based purely on the notch opening displacement\ the present analysis is more realistic since the
interaction between a notch and hole has been modelled[

The evolution of the normalized maximum hole diameter\ amax:a9\ is shown in Figs 09"a# and
"b# as a function of the load parameter J:"s9L# for two mixed mode cases\ C � 34 and 29>\
respectively[ Results are presented in these _gures corresponding to di}erent T:s9 values[ The rate
of hole growth for positive T!stress is less than that pertaining to negative and zero T!stress values[
The above e}ect is more pronounced for C � 34> as compared to C � 29>[ This trend is in contrast
to the results for mode I loading "Fig[ 8b# where positive T!stress increases the hole growth rate
above that for zero and negative T!stress[

The slower evolution of the hole diameter with respect to J:"s9L# when positive T!stress is
imposed under mixed mode loading "at a _xed C ³ 89># is traced to a shift in the near!tip plastic
mixity closer to that for mode I "see Arun Roy and Narasimhan\ 0886#[ As already mentioned\
this retards the localization of plastic ~ow due to shear deformation in the ligament[ Further\ as
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Fig[ 8[ "a# Variation of normalized notch diameter b:b9\ with the normalized loading parameter J:"s9L# corresponding
to C � 89> "mode I# for di}erent T:s9[ "b# Evolution of normalized maximum hole diameter\ amax:a9\ with J:"s9L#
corresponding to C � 89> for di}erent T:s9[
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Fig[ 09[ Evolution of normalized maximum hole diameter\ amax:a9 with J:"s9L# for di}erent T:s9 corresponding to "a#
C � 34> and "b# C � 29>[
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discussed in connection with Figs 5 and 7\ this e}ect is more pronounced for C � 34> as compared
to C � 29>[ For the case of C � 29> "which has a high mode II component of loading#\ it can be
observed from Fig[ 09b that\ the T!stress has negligible e}ect on the evolution of the maximum
hole diameter with respect to J:"s9L#[

On comparing Figs 8b\ 09"a# and 09"b#\ for negative and zero T!stress values the hole growth
rate is elevated as the mode II component of loading is increased[ The above trend is signi_cant
for the case of negative T!stress[ In contrast\ for the positive T!stress it is found that as C decreases
initially from 89>\ there is a retardation of the rate of hole growth[ With further decrease in C\ the
evolution rate of the hole increases and\ in fact\ becomes higher than that for mode I[

The above results imply that under mixed mode loading "at a given C ³ 89>#\ ductile fracture
initiation will be impeded if the T!stress is positive[ However\ under predominantly mode II
loading\ the T!stress will have negligible e}ect on the ductile fracture process[ Further\ for negative
and zero T!stress\ an increase in mode II component of loading is expected to reduce the value of
J at fracture initiation due to micro!void coalescence[ On the other hand\ for positive T!stress\ the
ductile fracture toughness is expected to increase as C decreased initially from 89>[ With further
decrease in C\ it is expected to decrease considerably[

3[3[ Growth of hole oriented at an an`le

It is important to understand whether a hole present at an angle with respect to the notch line
"in particular\ on the blunted side of the notch# grows faster as compared to a hole located directly
ahead of the notch tip[ To this end\ _nite element analyses of the interaction between the notch
and a hole located at an angle of u � −29> with respect to the notch line "i[e[\ near the blunted
part# under mixed mode loading have been conducted[ The initial hole diameter\ a9\ and the
spacing between the centre of curvature of the notch and the hole\ L\ are kept the same as in the
previous analysis[

The evolution histories of the normalized maximum diameter\ amax:a9\ of a hole located directly
ahead of the notch tip are compared against those for a hole inclined at an angle of u � −29> in
Fig[ 00[ Results are presented in this _gure for di}erent values of mode mixities C pertaining to
the case T:s9 � 9[ It can be clearly seen from this _gure that a hole located directly ahead of the
notch tip grows faster "with respect to J:"s9L## compared to a hole at an angle irrespective of the
mode mixity parameter\ C[ Results of hole growth for other values of T:s9 "like −9[64 and ¦9[64#
are found to exhibit similar trends[

A typical plot which illustrates the distribution of equivalent plastic strain in the region between
the notch tip and the hole\ inclined at u � −29> is shown in Fig[ 01[ This _gure pertains to the
mixed mode case C � 29> and T:s9 � 9[ On comparing this _gure with Figs 7"a# and "b#\ it can
be seen that\ except in the region very near the notch tip\ the plastic strain in the entire ligament
for the hole at u � 9> is much higher in magnitude for the same value of J:"s9L#[ Thus\ the plastic
strain localization in the ligament for the hole at u � 9> occurs faster than that for the hole located
at u � −29>[ This explains the reasons for the faster growth of the hole\ when it is present directly
ahead of the notch tip instead of at an angle on the blunted side of the notch[
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Fig[ 00[ Comparison of evolution histories of hole diameters for a hole located directly ahead of the notch tip "at u � 9>#
and a hole at an angle "at u � −29># corresponding to T:s9 � 9 and di}erent values of C[

Fig[ 01[ Variation of equivalent plastic strain in the region between the notch tip and a hole located at u � −29>
corresponding to di}erent load levels for C � 29> and T:s9 � 9[
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4[ Conclusions

In this work\ large deformation _nite element analyses have been carried out to study the e}ect
of T!stress on the growth of a cylindrical hole near a notch tip under mixed mode loading
conditions[ The following are the main conclusions of these analyses[

Under mode I loading\ the development of hydrostatic stress and the equivalent plastic strain
in the ligament with respect to J:"s9L#\ for zero and positive T!stress greatly exceeds the levels for
a negative T!stress[ Consequently\ the rate of hole growth with respect to J:"s9L# for negative T!
stress is very much retarded[

Under mixed mode loading\ plastic strain localization between the notch tip and the hole is
accompanied by intense shear deformation[ Unlike the mode I case\ positive T!stress retards
plastic ~ow localization in the ligament\ whereas\ for zero and negative T!stress\ the plastic strain
accumulation in the ligament is very rapid[ Consequently\ the rate of hole growth for zero and
negative T!stress is higher than for positive T!stress[ However\ under predominantly mode II
loading\ T!stress has negligible e}ect on hole growth near the notch tip[

For negative and zero T!stress values\ the hole growth rate is elevated as the mode II component
of loading is increased[ On the contrary\ for positive T!stress\ it is found that as C decreases
initially from 89>\ there is a retardation of hole growth[ With further decrease in C\ the hole growth
increases and becomes higher than that for mode I[
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